In this paper, the solution of nonlinear hyperbolic conservation law problems containing strong shock waves is presented using the method of lines. A difficulty with the method of lines, as with many other classical shock-capturing methods, is the threat of unphysical numerical oscillations, which can be avoided by adding an artificial viscosity term. Two schemes of the method of lines for solving the described problems have been proposed. Extensive numerical examples in both scalar and system test problems demonstrate the efficiency, robustness, and ease of implementation of the proposed schemes.
Introduction
In computational fluid dynamics, shock-capturing methods are a class of techniques for computing inviscid flows with shock waves that may be described by hyperbolic conservation law equations. Computation of flow through shock waves is an extremely difficult task because such flows result in sharp, discontinuous changes in flow variables pressure, temperature, density, and velocity across the shock. Hyperbolic conservation laws describe a wide variety of phenomena in different areas of physics and other disciplines. Analytical solutions are available only in a few model problems and one thus has to rely on numerical methods for solving problems of practical interest. The solutions of hyperbolic equations laws may develop discontinuities even when the initial condition is smooth. Therefore the numerical method should compute such discontinuities with the correct position and without spurious oscillations and yet achieve a high order of accuracy in the smooth regions.
From an historical point of view, shock-capturing methods can be classified into two general categories: classical methods and modern shock-capturing methods. Modern shock-capturing methods are generally upwind based in contrast to classical symmetric or central discretisation. Upwind-type differencing schemes attempt to discretise hyperbolic partial differential equations using differencing biased in the direction determined by the sign of the characteristic speeds. Meanwhile, symmetric or central schemes do not consider any information about the wave propagation in the discretisation. Some of the well-known classical shock-capturing methods include the MacCormack method [1, 2] , Lax-Wendroff method [3] , and Godunov method [4] . Examples of modern shockcapturing schemes include higher-order total variation diminishing (TVD) schemes first proposed by Harten [5] , flux-corrected transport scheme introduced by Boris and Book [6] , monotonic upstream-centered schemes for conservation laws (MUSCL) based on the Godunov approach and introduced by Van Leer [7] , various essentially nonoscillatory schemes (ENO) proposed by Harten et al. [8] , and piecewise parabolic method (PPM) proposed by Colella and Woodward [9] .
No matter what type of shock-capturing scheme is used, a stable calculation in presence of shock waves requires a certain amount of numerical dissipation (artificial viscosity term), in order to avoid the formation of unphysical numerical oscillations. In the case of classical shock-capturing methods, numerical dissipation terms are usually linear and the same amount is uniformly applied at all grid points. Classical shock-capturing methods only exhibit accurate results in the case of smooth and weak-shock solutions, but when strong shock waves are present in the solution, nonlinear instabilities and oscillations can arise across discontinuities. Modern shockcapturing methods have, however, a nonlinear numerical dissipation, with an automatic feedback mechanism that adjusts the amount of dissipation in any cell of the mesh, in accordance with the gradients in the solution. These schemes have proven to be stable and accurate even for problems containing strong shock waves.
In this work, the following problem of the system of conservation laws is considered
Here a and b are real constants, u = u(x, t) is called the conserved quantities vector, while f is the flux vector, u 0 is the vector of the initial conditions, and g 1 (t), g 2 (t) are the vectors of Dirichlet boundary conditions (BCs). The variable t denotes time, while x is the one-dimensional space variable. Equations of this type often describe transport phenomena.
The solution of the above system is computed by the method of lines (MOL). A recent introduction and review of the MOL is given in [10] . As we will see in the next sections, the method of lines is an alternative shock-capturing classical approach that involves making an approximation to the space derivatives, thereby reducing the problem to that of solving a system of initial value ordinary differential equations (ODEs) and then using a time integrator for solving the ODE system. One can increase the accuracy of the method using highly efficient reliable initial value ODE solvers, which means that comparable orders of accuracy can also be achieved in the time integration without using extremely small time steps. The MOL can work with Neumann and third type BCs. In this case, the derivatives in the BCs will be discretised and imposed in the obtained system of ODEs. Although the MOL can be considered as a classical method, it will be stable and accurate even for problems containing strong shock waves and no oscillations can arise across discontinuities if an artificial viscosity term is added. From the literature review, it is known that some amount of additional dissipation can be added into higher-order numerical schemes to avoid spurious oscillations. A classical approach to shock capturing is the addition of artificial viscosity, pioneered by von Neumann and Richtmyer [11] . The concept of addition of artificial viscosity/dissipation has been used very successfully by Jameson [12] [13] and Premasuthan et al. [14] , thus producing nonoscillatory and sharp resolution of shocks for structured and unstructured finite volume calculations. This facilitates the capturing of discontinuities by smearing the discontinuity over a numerically resolvable scale.
The paper is divided into four sections. In Section 2, the method of lines is briefly introduced and the application of it to (1-3), in two ways of different accuracy is illustrated. Section 3 contains the results of extensive numerical experiments on a set of four test examples and comparisons with exact solutions and other numerical results are presented. In this test set are included scalar conservation law (inviscid Burgers' equation), scalar viscous Burgers' equation, and one-dimensional Euler equations of gas dynamics (shock tube problem). In Section 4, conclusions and comments are summarised.
Method of Lines
Method of lines is a semidiscrete approach [10, [15] [16] [17] that involves reducing an initial/boundary value problem to a system of ordinary differential equations in time using discretisation in space. The most important advantage of the MOL approach is that it has not only the simplicity of the explicit methods [18] but also the superiority (stability advantage) of the implicit ones unless a poor numerical method for solution of ODEs is employed. It is possible to achieve higher-order approximations in the discretisation of spatial derivatives without significant increases in the computational complexity. The MOL has a wide applicability to physical and chemical systems modelled by partial differential equations (PDEs). The models that include the solution of mixed systems of algebraic equations, ODEs and PDEs, the resolution of steep moving fronts, parameter estimation and optimal control, other problems such as delay differential equations [19] , two-dimensional sine-Gordon equation [20] , partial differential equation problems describing nonlinear wave phenomena, e.g., a fully nonlinear third-order Korteweg-de Vries (KdV) equation, the fourth-order Boussinesq equation, the fifthorder Kaup-Kupershmidt equation and an extended KdV5 equation [21, 22] , multi-component atmospheric pollutant propagation model with pollutants phase transformation consideration [23] , a Bingham problem in cylindrical pipes [24] , elliptic partial differential equations which describe steady-state mass and energy transport in solids [25] , and many other physical problems such as discussed in [26] .
Applications of the method of lines to the hyperbolic partial differential equations with stiff nonlinear source terms are investigated in [27] . Some of the options available for time integration when using a moving grid method of lines code are surveyed in [28] . A new technique is proposed in [29] for the numerical integration of the system of ordinary differential equations that arises in the method of lines solution of time-dependent partial differential equations. This system is usually stiff, so it is desirable for the numerical method to solve it to have good properties concerning stability.
To use the MOL for solving (1) corresponding to the initial and boundary conditions (2) and (3), one can rewrite (1) as
where F is the derivative of the flux vector f with respect to x. As mentioned, the main difficulty in using the MOL is the possible formation of unphysical numerical oscillations, which can only be avoided by adding an artificial viscosity term that, to some extent, inserts a certain amount of numerical dissipation and prevents oscillations to arise across discontinuities. So, one can reformulate (4) as the following viscous approximation
Here, ε is an artificial viscosity parameter. Note that the choice of ε is somewhat arbitrary and must be chosen with consideration to the strength of the shock waves. Ideally, ε must be sufficiently small, i.e., ε1, to ensure an accurate solution near the discontinuity points. As mentioned in [30] , the solutions of the viscous approximations (5) are defined globally in time and satisfy uniform bounded variation (BV) estimates, independent of ε. Moreover, they depend continuously on the initial data in the L 1 distance, with a Lipschitz constant independent of t and ε. In view of the uniqueness and stability results illustrated in [30] , the entropy-weak solutions of the hyperbolic system (4) should coincide with the unique limits of solutions to the parabolic system (5), letting the viscosity coefficient ε→0. In [31] , Shen and Xu study qualitatively how the solution of system (5) approximates the one without viscosity (4) as the viscosity parameter ε tends to zero. They concluded that the smaller the value of ε, the more accurate the approximation of system (4). They proved many theorems to emphasis this issue and estimated the errors at various values of ε1 for many problems.
Practically, ε = 10 -3 is used throughout the remainder of this work. This certain value of ε is effectively used by Huang and Russell [32] . The error in the approximation can be estimated using the formulas discussed in [30, 31] . In this investigation, we just use the absolute error as tool to measure the accuracy of the approximation when ε = 10 -3
. The time integrator used for solving the obtained ODE systems is the classical fourth-order Runge-Kutta method (RK4).
According to the MOL, the coordinate x is discretised with N uniformly spaced grid points
/N and we can also write x i = a + ih. At first, in part (I), second-order central difference approximations are used for the first and second derivatives in x at grid points x i , i = 1, 2, …, N -1, and in part (II), fourth-order central difference schemes are applied to the first and second derivatives in x in grid points x i , i = 2, 3, …, N -2.
MOL I
Let u i (t) approximates u(x i , t). Using the second-order central difference, the first and second derivatives in x result in
Also, conditions (2) and (3) are reduced to
Solving the system of the ODEs (6) corresponding to the initial/boundary conditions (7) and (8) using the classical RK4 with a suitable time step Δt, one can obtain the solution of the considered problem at every grid point.
MOL II
In this part, for the first and second derivatives in x in grid points x i , i = 2, 3, …, N -2, a fourth-order central difference approximation is used to discretise (5) as follows 
and conditions (2) and (3) are reduced to
and
Solving the resulting ODE system corresponding to the initial/boundary conditions using an ODE solver with time local error control, one can obtain the solution of the considered initial/boundary value problem. In the current work, to solve the obtained ODE system, we have used the algorithm of the classical RK4 built-in the Maple 12 package.
Note that (1) does not have dissipative terms itself like u xx . If the considered problem has already dissipative terms, there is no need to add the artificial viscosity term ε u xx in (5) as we will see in the example of the viscous Burgers' equation.
Numerical Examples
To
Example 1 (Inviscid Burgers' Equation)
Consider the initial-value problem for the scalar inviscid Burgers' equation, of the form 2 0, , 0, 2
This equation models wave motion, where u(x, t) is the height of the wave at point x, time t. The inviscid Burgers' equation (12) can be rewritten as
Using MOL I
According to MOL I, the ODE system associated with (14) can be written as 
The initial conditions and unknown functions g 1 (t) and g 2 (t) will be described after specifying the initial conditions. (i) As the first example, consider (12) and (13) 
The analytical solution of this problem is given in [33] .
Solving the system of the ODEs (15) and (16) using the classical RK4 with Δt = 10 -3 and initial conditions obtained from (17) leads to the solution of the considered problem with two orders of approximation. Here, the coordinate x is discretised with N = 800 grid points, i.e., h = 5 × 10 results, it is observed that the shock wave is formed at t = 1 and then it propagates toward the right end as t increases. This is displayed in Figure 1b .
It is worth noting that since the discretisation in MOL is only applied to the spatial variable, increasing the final time T does not decrease the accuracy of the solution and we can obtain better results using a more accurate integrator for solving the system of ODEs, but in classical finite difference methods, there is usually limitations when final time T increases. As it may be seen from Figures 1 and 2 , the results of both schemes are in good agreement with the analytical solution. For this example, the results obtained by MOL I have less accuracy when compared with those obtained by MOL II at the same parameters ε, Δt, and N. This can be concluded from the point of nonconformity with the exact solution appearing in Figure 1c of MOL I. This point is due to the low order of approximation used in MOL I scheme.
It is worth noting that the viscosity term ε u xx helps more in removing the distortion caused by unphysical numerical oscillations at the same number of spatial discretised points. This can be concluded from results displayed in Figure 3 that presents a comparison between the exact solution and the numerical results of the MOL I and MOL II schemes without adding the viscosity term at t = 2. Moreover, the previous results can be drawn from Table 1 , which shows the absolute errors between the numerical solutions of the considered schemes with and without the artificial viscosity term and the exact solution.
(ii) As a second illustration, the inviscid Burgers' equation is supplemented with the initial condition Here, a and b are set to -1 and 4, respectively. The analytical solution of this problem is defined in [33] as well.
As previously, the ODE systems (15) and (16) Furthermore, the viscosity term effectively eliminates the distortion caused by numerical oscillations as we can see in Figure 6 , which presents a comparison between the exact solution and the numerical results of the MOL schemes without adding the artificial viscosity at t = 1. All previous results can be drawn from Table 2 , which displays the absolute errors between the numerical solutions and the exact solution.
Example 2 (Viscous Burgers' Equation)
The second example is the well-known viscous Burgers' equation that is considered as a simplified momentum balance equation
where μ is a kinematic viscosity. This equation is the simplest mathematical formulation of the competition between convection and diffusion and offers a relatively convenient means of studying shock waves, turbulence, distortion caused by laminar transport of momentum, and decay of dissipation layers. Having a variety of different solution behaviors (e.g., see [34] ), it often serves as a benchmark test problem for numerical schemes. The viscosity parameter μ can be adjusted so as to transform the equation from predominantly convective if μ is Table 1 Absolute error |u MOL -u exact | in Example 1 (i). . The shock waves are generally formed when μ is small. In this example, parameter μ plays the role of the artificial viscosity ε in MOL I scheme (6) and MOL II scheme (9) . Thus, we can use systems (15) and (16) for solving this problem with ε = μ.
We consider the case in which (19) has the analytical solution given in [32] 0.05( 0 . . The solution wave propagates toward the right as time increases and transformed from two shock waves into one steeper shock wave as shown in Figure 8 . As shown in Figure 8 , the use of MOL I produces very small nonphysical oscillations. This undesirable effect can be minimised through the use of MOL II. Also, the points of nonconformity, with the exact solution shown in Figure 8 , can be eliminated and oscillation-free results can be achieved by increasing the number of discretised points N. Clearly, the numerical results of MOL I and MOL II are very satisfactory and in close agreement with the analytical solution.
Example 3 (Shock Tube Problem)
This problem, used as a test example by several authors (see [26, 32, 35, 36] ), involves the one-dimensional Euler equations of gas dynamics in conservation form
where ρ is the gas density, u velocity, p pressure, and e total internal energy per unit volume that can be expressed in terms of the specific internal energy and kinetic energies as
where γ is the ratio of specific heats for the gas/fluid (for an ideal gas, γ = 1.4).
To apply the proposed method of lines schemes, Euler equations must be rewritten in their primitive form [26, 36] and then adding a corresponding artificial viscosity to each equation in the primitive system as
The computational domain considered in this problem
Here, the initial conditions are considered as 
Using MOL II
By using fourth-order central difference approximations instead of second-order ones in system (25), the ODE system of MOL II can be obtained. Solving the obtained ODE systems using the classical RK4 with Δ t = 10 -3 and initial/boundary conditions drawn from (24) leads to the desired numerical solution of the shock tube problem. Here, the gas is considered to be ideal and N is taken to be 500 grid points, i.e., h = 6 × 10 -3
. The obtained numerical results of MOL I and MOL II with and without artificial viscosity are compared with the results obtained by the Comsol multiphysics package, which is a solver and simulation software based on a finite element analysis. Figure 9 shows contour plots of the primitive variables using the MOL II scheme with artificial viscosity terms, which is the most accurate scheme considered in this work.
The numerical results of both schemes with artificial viscosity terms at times t = 0.2 and 6.0 are displayed in Figures 10 and 11 , however without artificial viscosity at time t = 0.6, as shown in Figure 12 . A comparison between the obtained MOL results and those obtained by the Comsol multiphysics software are also presented in Figures 10-12 . It is worth noting that the results of the Comsol multiphysics are computed at optimal parameters to ensure solution convergence and accuracy in order to validate the present comparison.
The numerical results of MOL I, displayed in Figures 10  and 11 , show excellent accuracy in smooth regions, whereas little unwanted oscillations appear at the interfaces between different regions of the solution, but the overall accuracy is satisfactory. As can be seen, numerical oscillations are completely removed near the shock waves when MOL II is used with artificial viscosity. Figure 12 illustrates the drawback of using MOL schemes without adding an artificial viscosity in handling shock-capturing problems.
It is known that the origin of the numerical oscillations is always generated by the centered schemes. These oscillations come from complete ignorance of the hyperbolic character of the system of PDEs, in particular the propagation of the information along characteristics. These important (physical) features are considered in deriving upwind schemes. Despite this drawback in centered schemes, the addition of an artificial viscosity term effectively contributes to the elimination of these unphysical oscillations.
From the considered shock-capturing examples, we can say that ε = 10 -3 may be considered a suitable value for the artificial parameter as concluded in [32] . It is worth noting that considered approximation of the unknown vector u at point x by (u i -1 + u i + 1 )/2 instead of u i greatly improves the MOL results. This note is not discussed in this work. 
Conclusion
In this paper, robust schemes that are based upon the method of lines and artificial viscosity principal have been introduced and used for shock capturing of some physically challenging problems. The numerical results show that the proposed schemes display a high accuracy and reliability in solving such difficult problems. The results of MOL I and MOL II clearly demonstrate the improved accuracy of the higher-order MOL II. The addition of the artificial viscosity term has contributed substantially to the elimination of unphysical numerical oscillations and increasing the solutions accuracy. Although the proposed schemes are considered as classical shockcapturing methods, they have done well in capturing strong shock waves such as those considered in this work and the implementation of them is much simpler than that of modern shock-capturing methods.
